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Abstract 

The results of a previous paper Q on the equivariant homotopy theory of crossed com¬ 
plexes are generalised from the case of a discrete group to general topological groups. 
The principal new ingredient necessary for this is an analysis of homotopy coherence 
theory for crossed complexes, using detailed results on the appropriate Eilenberg- 
Zilber theory from [19|, and of its relation to simplicial homotopy coherence. Again, 
our results give information not just on the homotopy classification of certain equiv¬ 
ariant maps, but also on the weak equivariant homotopy type of the corresponding 
equivariant function spaces. 
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Introduction 


In our first paper with this title [j3j we used methods of homotopy coherence to give an 
equivariant version of the homotopy theory of crossed complexes concentrating on the con¬ 
struction of an equivariant classifying space. The use of crossed complexes allowed us to 


include as special cases previous work on equivariant Eilenberg-Mac Lane spaces [If 


in¬ 


cluding the case of dimension 1, and work on local systems. Another special case was the 
theory of equivariant 2-types due to Moerdijk and Svensson 0 - Significantly, our methods 
gave results not just on the homotopy classification of maps but also on the (weak) homo¬ 
topy types of certain function spaces of equivariant maps. The convenient properties of the 
category of crossed complexes were again crucial for this extension. 
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1 








These results were for G-spaces and G-crossed complexes where G was from a class of 
topological groups which included all totally disconnected, and in particular all discrete, 
topological groups. Although this gave a wide class of potential areas for applications of 
our results it excludes some important instances of group actions, for example actions of the 
circle group. Inclusion of this case would allow us to handle Connes’ cyclic sets 0 since it is 
known that the homotopy theory of cyclic sets is equivalent to that of circle actions (cf. 


18 


This in turn would open up a large area to the techniques of algebraic homotopy giving 
a wide range of potential applications. Work by Loday and Fiedorowicz [TIJ, Aboughazi 
H, Burghclea, Fiedorowicz and Gajda 0 suggests that various other important cases, such 
as G*-spaces for a crossed simplicial group G*, epicyclic spaces, etc., may lead to similar 
well-structured examples, and this without touching on geometrically inspired actions of 
Lie groups. So in this sequel we turn our attention to the analogous results for arbitrary 
topological groups G. 

The basic philosophy of our method remains the same, and we require a notation anal¬ 
ogous to that of the first paper. We will be dealing with simplicially enriched categories, 
and our convention is that a category will be written in sans serif as for example Top, the 
category of topological spaces, and the corresponding simplicially enriched category will be 
written with underlining as in Top. So if X, Y are spaces, then Top(A", Y) denotes as usual 
the simplicial set which in dimension n is the set Top(A" x A n ,Y). Again, the category of 
simplicial sets is written S, but considered as a simplicially enriched category it is written 
S. If C,D are crossed complexes, then CRS(C,D) denotes the internal horn for crossed 
complexes |4|, and the simplicial nerve N(CRS(C, D)) of this crossed complex gives the 
simplicially enriched structure of Crs(G, D). 

Our method falls into two parts, the first of which was dealt with in the first paper: 

(i) relate G-Top, the category of G-spaces, to the category of OrG op -diagrams of simplicial 
sets via a singular S-functor 

R : G-Top -> S^° P 


and a ‘coalescence’ or ‘realisation’ functor 


c: S^ 


OrG op 


G-Top 


which together form an adjoint pair as in |TIJ. ffere OrG is the simplicially enriched orbit 
category of G where for subgroups H, II' of G, 


OrG{G/H, G/H') = G-Top(G/i7, G/H'), 


i.e. in dimension n 


OrG(G/H,G/H') n = G-Top{G/H x A n , G/H'), 

with A n having trivial G-action. Although in [|J we restricted our discussion to the class 
of topological groups G for which each Or G[G j H,G j H l ) was a discrete simplicial set so 
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that Or G was ‘simplicially discrete’, this assumption was unnecessary for this part of the 
argument. In the final section of this paper we will use these S-functors R , c in the arbitrary 
topological group case. 

(ii) for a simplicial set K and crossed complex C, use the Brown-Higgins adjunction || 
between the simplicial nerve N and the fundamental crossed complex functor n 

S(K, NC) ^ Crs(7r/l, C ) (1) 

but in the enriched form (cf. || 3.1), 

S (K, NC) , b " Crs(7T/l, C) . (2) 

a * 

This gives a homotopy equivalence or, more precisely, strong deformation retraction data, 
namely that b*a* = id and there is a natural homotopy 

h : S {K, NC) -► S ( A[l] , S {K, NC )) (3) 


from the identity to a*b*. 

It is important to understand the relation of the adjunction ([?) to more standard coho- 
mological notions. Let X be a space of the homotopy type of a CW-complex. It is easy to 
deduce from (|2|) the natural bijection of sets of homotopy classes 

[X, BC ]Top = [nSing(X), C] Crs (4) 

where Sing(X) is the singular complex of A", and BC = \NC\ is the geometric realisation 
of the nerve of C. For a particular choice of C, BC is simply an Eilenberg-Mac Lane space 
K(A, n). Another choice would give a space BC with only 7Ti, 7r n non trivial, together with 
a specified action of Hi on 7r n and a /e-invariant. The crossed complex irSing(X) should be 
thought of as a somewhat non abelian analogue of the singular chains of X (more precisely, 
of the singular chains of the bundle of universal covers of X at all points of X, with the 
action of the fundamental groupoid of X). The set of homotopy classes to the right of the 
bijection (Q) is thus a kind of generalised singular cohomology. All these analogies have 
been developed and exploited in 0. 

Because in |§ Or G was ‘simplicially discrete’ this ‘enriched adjunction’ (||) could be 
extended to one where K and C were QrG op -diagrams in their respective categories and 
then it was merely a short step to replace K by RX and NC by B G C = cNC to obtain 
the main result (Theorem 4.1) of || on the weak homotopy type of certain function spaces, 

G-Top(AT, B g C) ~ C^^° p (t tR(X), C), 

when X is a G-CW-complex. An equivariant analogue of (p!) followed immediately. 

In the case that occupies us here OrG is no longer simplicially discrete, so the simplicial 
information contained in the various OrG (G/H, G/H') cannot be ignored. Each G-space X 
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gives us an S-functor RX by the formula R(X)(G / H) = G-Top(G/H, X ), which is the same 
as Sing(X H ), the singular simplicial set of the subspace X H — {x e X : h.x = x for all h 6 
H}. Previously this functor RX was composed with tt : S —> Crs to give an OrG op -diagram 
of crossed complexes, ttR(X) : Or G op —> Crs. This will not now work since tt is not an 
S-functor. More precisely, there is no way to extend tt to preserve the simplicial structure 
on the S(K, L) and to preserve composition. One can easily define tt on the morphism 
simplicial sets 

7 tr,l '■ S(AT, L ) —► Cjs(ttK , ttL), 

but if Kq,K\,K 2 are simplicial sets the diagram of simplicial sets 

S(Aq, I<i) x S(A\, K 2 ) -- Qs(vrA' 0 , ttK\) x Crs(vrAd, ttI< 2 ) 


Sf A' 0 . IC 2 


Cts(ttK 0 , ttK 2 


does not commute, so the suggested enrichment does not work. The reason behind this 
is that in Crs we use the tensor product — ® — while in S we use the cartesian product 
— x —, and these need to be related by an Eilenberg-Zilber type theorem. There is however 
a homotopy that ‘controls’ the amount that the above diagram fails to commute. Moreover 
this homotopy can be made explicit and is induced from the Eilenberg-Zilber homotopies, in 
the sense that the same data are used as in the strong deformation retraction above. A 
close study was made of this setting in []T9[. This will be summarised later. Here it suffices 


to say that although tt cannot be made into an S-functor, it is naturally a simplicially 
coherent functor, and so induces a homotopy coherent functor 

ttR(X) : Or G op -► Crs. 


This gets the show back on the road as, using results from [TO] , we can replace ttR(X) by 
an actual S-functor ttR(X) and can complete the proof as before. So we obtain our main 
result which includes the general G-equivariant version of bijection (3) above: 

Theorem |6.2| Let G be a topological group. If X is a G-CW-complex and C is an Or G op - 


diagram of crossed complexes, there is a weak homotopy equivalence 

G-Top {X , B g C) -»• CohCrs{ TrR(X) , C ). 
Consequently there is a bijection of homotopy classes of maps 

[X, B G C]g = [ttR(X), Cjcrs • 
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1 Higher homotopies and the 
Eilenberg-Zilber theorem. 

We will in general assume the terminology and notation of [|3|, but will on occasion need 
to redefine and extend those conventions. The majority of these ideas are explored and 


developed in more detail in the thesis [T9| mentioned above, and in several papers based 
on that source which are in preparation by the last named author. In general proofs are 
omitted in this section, as these will appear later and can in the meantime be found in |TP 


We recall the form needed of the Eilenberg-Zilber theorem for crossed complexes, given 
purely as a homotopy equivalence as ||, 1.2], 


Proposition 1.1 Hl9|, §§2.2-3] For any simplicial sets K, L, the crossed complex nK 0 nL 
is a natural strong deformation retract of tt(K x L ). More precisely, there are natural maps 

dK,L ■ n(K xt)-> tt(K) ® 7 t(L) 
b K , L : n(K) 0 tt(L) —► n{K x L) 
hx,L '■ 7T (K X L) 0 7r(l) —> 7 t(K X L), 

such that ok,l and h K L are homotopy inverse to each other with axp-bRp = id, hx,L ■ id — 
i>K,L • 0kl, an d h KL ■ (f>K,L ® id), ax,L • h KL the respective zero maps. ■ 

The natural transformations a, b, h of this proposition are shown in Jl^, pp.37,44,46,54] 
to satisfy certain associativity and interchange relations. Thus if we have three simplicial 
sets, K , L , M, then the diagram 

7 t(K) <8) 7 t(L) ® 7 r(M) —— -7 t(K xL)® 7r(M) 


id 

7 r(K) <S> 7 t(L x M ) 
commutes. Similarly the square 

n{K x Lx M) — 


b K.j 


UKxL.M 


b KxL,M 

■7 t(K x Lx M ) 


a-K.LxM 


7r (K) <8) 7r(L x M) 


idigiai,^ 

commutes, as do the ‘interchange’ squares 

b KxL,M 


n(K x L) 8> 7r(M) 

aif,L®id 

7r(/l) ® 7 t(L) 0 7r(M) 


7r(/l x L) 0 7r(M) — 

OfC,l,®id 

7r(/l) 0 7 t(L) 0 7r(M) 


id®fez,,M 


7r (/7 x Lx M ) 

a K,LxM 

7 t(K) 0 7t(L X M ) 
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and 


7T (K) ® 7 l(L X M ) - L,M > - 7t(A' ) ® 7t(L) ® 7t(M) 


i>K,LxM 

7 r(/i x Lx M) 
This allows composites 


O.KxL,M 


bK,L® id 
■ 7r(/l X L) ® 7r(M) 


tt(/1 xLxM) n(K) 0 tt(L) 0 tt(M) 


and 


tt(/1 ) 0 tt(L) 0 tt(M) 7t(AT x LxM ) 

to be defined, and composite homotopies to be used to show id ~ b 2 a 2 . The composite 
homotopies are those given by h KxL ,M and Hk,l or by h K)LxM and h LtM . These two com¬ 
posite homotopies are not the same, although they are themselves homotopic via a double 
homotopy 

7 t(K X L X M ) ® 7r(l) ® 7r(l) -■» 7 t(K X L X M ). 

We will examine this in some more detail shortly, but before that we will generalise this 
idea to give: 

Definition |lj|. p.59] 

An r-fold homotopy of crossed complexes C and D is given by a crossed complex morphism 

h : C 0 7r(l)® r —> D, 

where 7r(l) g>r is the r-fold tensor product of the crossed complex 7r(l) with itself. 

Given an r-fold homotopy h : C'07r(l)® r —> D and an s-fold homotopy k : E®n(l)® s —> 
F, we define h ® k to be the (r + s)-fold homotopy given by 


C 0 E 0 7r(l)^ r+s )--®--- D 0 F 

a* 

C 0 £ 0 7r(lW r 0 tt(1W s , - > C 0 7r(l)® r 0 £ 0 vr(lW s 

v v ' laXiTiXid 


where r is given by the symmetry of the tensor product. We also write Sf(h) for the 
(r — l)-fold homotopy 


C 0 7T(l)®( r - 1 ) 








C® 7T(l)® r 
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where ae{0 ,l}, and /“ is the natural monomorphism given on generators by 


fi(x i 8 • • • 8 x r -i) — Xi 8 • • • 8 Xj_i (g) a 8 x* (8) • • • (8) x r _i, 

so /“ : 7r(l)®^ r_1 ^ —> is the “inclusion of the a th face in the i th direction of the r- 

cube”. Having introduced these morphisms using a, we note that it is often more convenient 
to write 8~ for 6® and 5+ for 5} and usually we will do so. 

Examples: 

0 -fold homotopies are given by homomorphisms. 

1 -fold homotopies are just ordinary homotopies, h : 8\{h) ~ <5j(/i). 

The morphism Iik,l,m ■ vr (K x L x M) 87r(l) 8 >vt(1) —> n(K xfx M) mentioned above 
is a 2-folcl homotopy. To see how it has to be determined we consider the following diagram: 


7 t{K x L x M) — aK * L,M t t(K xi)® 7 r(M) " K ' LM tt (/1 x L x M) 


a K,LxM 

n(K) 8) 7 t(L x M) 


n(K x Lx M) 


Qk,l<S lid 


a K,LxM 


id(g 


a KxL,M 


■ n(K) 8 ) 7 t(L) 8 7 t(M) — 0 7t(K ) 8 7 t(L X M ) 




■ 7r(/l xi) 8 7 t(M) 


6 2 


°KxL,M 


■ tt(K xLxM) 


We have already noted that the component squares of this diagram are commutative and 
we are primarily interested in the homotopies from the identity to b 2 a 2 . Our data are 


KxL,M 

id ~ b Kx L, M a K xL,M 

K,LxM 

id ~ bx LxM&K,LxM 

hh'.L 

id ~ b K L a K ,L 

h>L,M 

id ~ 


There are two composite homotopies from the identity to b 2 a 2 on ir(K xix M). We note 

b~ci 2 = bx,LxM- (id 8 < 8 > id). cikxl,m 

= b KLxM .aK,LxM-bKxL,M- a KxL,M 


by the top right hand ‘interchange’ square. Thus Hk,lxm composed with bxxL,M • clrxl,m 
and preceded by Iikxl,m will give a suitable homotopy. But b 2 a 2 is also equal to the other 
composite, anticlockwise around the outer square of the above diagram, again top left to 
bottom right. Thus we can also use 1irxl,m composed with b KLxM ■ clk,lxm and this 
preceded by 1ir,lxm■ These composite homotopies, although clearly homotopic to each 
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other, are not equal. A new two-fold homotopy Jik,l,m has to ‘slide’ the two constituent 
homotopies past each other; schematically it fills the square 


h-KxL,M 

id- ba 


hfC,LxM 



This ‘slide’ homotopy may seem almost trivial but it is crucial, as are its higher order 
analogues, when considering the behaviour of 7r on products. 

We will use the notation a® and for the morphisms defined by a and b on the i th 
factor splitting of a product 


a 

n(K 0 x • • • x K r ) ~ n{K 0 x • • • x AVi) 0 7r (K t x • ■ • x K r ) 
6(0 


and will write hW for the homotopy id ~ b^a^f 

The various fit together in a way generalising the case for r = 2 above. We will give 
the detailed statement of the result, the proof of which is given in ]19[ pp. 60-62]. 


Theorem 1.2 Let r ^ 0 and let Ki be simplicial sets for 0 ^ i ^ r. Then there is an r-fold 
homotopy 


7 t(Kq X • ■ ■ X K r ) 0 7T(l)® r 7t(K 0 X • • ■ X K r ) 

natural in the Ki and satisfying for r ^ 1 the cubical boundary relations 

(h Ko ,... ,K r ) = h Ko ,...,(K i _ 1 xK i ),...,K r , 

(Hro,...,K r ) = .(hK 0 ,...,Ki-i <8 hA' i ,...,Ay)-(a (i ' ) <8 id), 

together with the relations 

hK 0 

sr(h K o . K .).(t*«®id) 

a |!, .(5r(/i Ko . Kr ) 


. 

— ,5f{h Ka .. 


Another set of useful relations satisfied by the higher homotopies is given by the following 
(which is Proposition 2.3.11 of JT^J). 











Proposition 1.3 Given simplicial sets, K tl with corresponding higher homotopies as above, 
the following equations hold: 


St(h Ka ,...,K r ) = St(h , ftl Kr ).(b {i) ® id).(oW ® id) 

= b^.a^.S+(h K , . Kr ), 

hK 0 ,...,(K i _ 1 xK i ),...,K r - (b^ (8) id) = b^.{hK 0 ,... ,Ki-1 ®hK ir ..,K r )i 

8 h Ki ,...,K r )-(^ 8 ) id) 


If now A'o,.. • , K r are as before, the diagonal approximations and Eilenberg-Zilber maps 
give well-defined morphisms, 


n(K 0 x • • • x K r ) ~ 7 t(K 0 ) 8 • • • 8 n(K r ). 

b r 

The intermediate stages in the construction of these maps derive from ordered partitions of 
0,1,... , r and thus from the corners of an r-cube. If a = (oi,... , a r ), oti G {0,1}, then a 
gives a pair of morphisms 


vr(/l 0 X • • • x K r ) ^ Trdl-Lo 1 K i) ® AYYLil K i) ® ® 7T (]~\\ =i Kf) 

b a 

where i\ < i^ < ■ ■ ■ < ik are those i such that a t — 1. Such a corner a also gives us an 
endomorphism 

h a : x h K o,... ,K r ( x 8 cn 8 • • • 8 a r ) 

of 7r(/l 0 x • • • x K r ), given by restricting hK 0 ,...,K r to the corner a of 7r(l) <g)r . 

The r-fold homotopy h gives a coherent system of homotopies between the morphisms 
h a . Of course h a = b a a a , so the various b a a a are linked by the coherent system h. 

Finally in this section we generalise the notion of an r-fold homotopy to that of an 
(r, n)-homotopy. This will simply be a crossed complex morphism 

h : C 8 7r(n) 8 7r(l)® r —> D 

where 7r (n) = 7r(A[n]), and thus corresponds to an r-fold homotopy between n-simplices in 
Crs (C,D). This notion allows one to encode higher homotopy coherence without having to 
specify a mass of interrelated ‘simplicial’ type homotopies. 

Clearly, given such an (r, n)-homotopy, h, there are restricted (r — 1, n)-homotopies 8f(h) 
and (r, n — l)-homotopies dfh) induced from h by considering the 2 r faces of the cube and 
the n+l faces of the n-simplex. Given also an (s, n)-homotopy 

k : D 8 7r(n) 8 7r(l)® s —> E, 
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then we can define an (r + s, n)-homotopy 


k o h : C 8 7r(n) 8 7r(l) 0(r+s) —> E 


as the composite: 


id®a<g)id 


id0r(S>id 


/i(g)id 


k 


C 8 7r(A[n] x A[n]) 8) 7 r(i) 0(r+s ) 

C 8 7r (n) 8 7T (n) ® 7 r(l) 0 ( r+s ) 

C ® 7r (n) ® 7r(l) 0r 8 7r(n) 8 7r(l) 0s 
D 8 7r (n) 8 7r(l) 0s 
E 


(5) 


Here d is the diagonal A[n] —> A[n] x A [n] and r : n(n) 8 7r(l) 0r —> 7r(l) 0r 8 n(n) is the 
symmetry of the tensor product interchanging the two ‘factors’. 


2 The simplicial enrichment of the nerve. 


To handle the case of a general topological group G we will need to consider simplicial 
functors C : Or G op —> Crs. and the key to constructing the classifying G-space of C is the 
application of the nerve functor to get from Crs to S. Fortunately there is no complication 
since the nerve functor, N, can be simplicially enriched; this short section is devoted to a 
sketch of the proof of that fact. 

Let C, D be crossed complexes. We first have to extend the nerve functor to get a 
simplicial map 

N s : Crs(C, D) -> S (NC, ND ), 


where N(C) n = Crs(7r(n), C) defines the usual unenriched nerve and an n-simplex of 
CrslC, D) is a morphism of crossed complexes f : C 8 7r (n) —> D. We thus have to specify 
N s (f) G S(NC,ND) n , i.e. 

N s {f) : NC x A[ra] -»• ND. 

The functor N sends / to N(f) : N{C 8 7r(n)) —> ND. To get from NC x A[n] to 
N(C ®n (n)) we use a natural morphism defined as follows: if K is in S and C is in Crs then 


c c,K ■ NC x K -»• N(C 8 7 tK) 


is given by the composite 

NC x K mcxK > Nn(NC x K) N(nNC 8 tt K) N{C 8 tt K). 
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Here tjk '■ K —> NnK and ec '■ nNC — > C are respectively the unit and counit of the 
adjunction between N and n. Finally N$(f) is the n-simplex of S(NC,ND) given by 

N s(f) ■= (iVCxA[n] N(C 0 7r(n)) ND)) ■ 

Most of the properties needed for Ns to define a simplicial enrichment of N are trivial to 
check. However it is slightly harder to check the crucial property that Ns respects the 
composition structures in Crs and S. To prove this we first state a form of associativity of 
the ( transformation. 

Lemma 2.1 ( fK)| , p.91]) For simplicial sets K, L and crossed complex C, the following 
diagram commutes 


NC xKxL - C ’ A ~ : - - N(C ® 7 tK) x L 


Cc,KxL 


C,C®ttK,L 


N{C®n{K x L)) 


N(\d®a) 


N(C ® TCK (g) tcL) 


The proof is straightforward, by the triangle identity ■ ng = id for the n H N adjunction, 
the associativity of a and naturality. In fact both composites are given by iV(e®id)- N(a 2 )-r]. 

■ 

To finish the verification that Ns, as given above, defines an S-enriched functor, we 
suppose 

/ : C ® 7r(n) —► D, 
g : D 0 7r (n) —> E. 

We recall that the enriched composite g o /' in Crs is given by the ‘convolution product’ 

C ® 7r(n) b lsAT d > c (g) 7r(n) ® 7r(n) ^ S - d -> D®'k{ji) ———■> E 

(expressed in adjoint form in [§) where AW is the Alexander-Whitney map 

7T (n) 7r(A[n] x A[n]) - A . lnl,A| - nl > n(n) 0 7r(n), 

d : A[n] —>• A[n] x A[n] being the diagonal map. This is just the r = 0 case of the 
composition of (r, n)-homotopies already considered in (|j). 

Thus we have 


A T s(g ° /) = N(g)N(f 0 id) A/” (id 0 a A [n],A[n])Af(id 0 n(d))C, 
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which is the bottom route in the diagram, 


jVCxA[ri.] ■ 

c 

N(C®n(n)) 


idxd 


W(id®7r(<i)) 


■ NC x A [rt] x A [n] ■ 

c 


N(C®tt(A 


n ] xA[n])) 


Cxid 


N(id®a) 


N(C®ir(n)) x A[n] 

c 

N(C®n(n)®ir(n)) 


N(f )xid 


N(f®id) 


■ NDxA[n\ 

C 

N (D®w(n)) 
N(g) 
NE 


which is commutative by the naturality of ( and the previous lemma. Of course N$(f) 
composed with N$(g) within the S-enriched structure of S corresponds to the top route, so 
we have the desired result. 


3 Homotopy coherence and crossed complexes 

The category of crossed complexes is an S-category and we have seen in ([!]) that n and N are 
adjoint. However they are not adjoint at the enriched level, where we only get a homotopy 
equivalence not an isomorphism between the two sides of the ‘adjunction’ expression (^). 
Whilst we have seen that N is an S-functor, in this section we will show that ix is a homotopy 
coherent S-functor in a sense to be made precise below. A result of this kind is needed if we 
are to extend the results obtained in || to the more interesting case of a general topological 
group, but they also illustrate once again the rich structure of the category of crossed 
complexes and the importance of the Eilenberg-Zilber equivalence and Alexander-Whitney 
diagonal in this category. Our discussion will start with the coherence structure described 
within the category and language of crossed complexes, following closely the treatment in 
T!|. Once this is done we will make the necessary changes to translate the coherence to the 


S-enriched form that is needed so as to apply more easily the technical machinery of [10 
and 
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If K, L are simplicial sets, then there is a simplicial map 


<j) K ,L : S(K, L ) -> Qs(ttA", t tL) 


given in dimension n by 

4>k,l{I '■ K x A[n] —> L ) := ( 7 t(K) ® 7r(n) — —> n(K x A[n]) > 7 r(L)) 

As noted earlier, this does not make n into a S-functor since it is not compatible with com¬ 
position. More precisely, given K 0 , Ad, K 2 , we have a diagram: 
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S(AT 0 , R\) x S(A'i, K 2 ) *° ,lX< H Crs(7r/i 0 ,7rAd) x Cts(t rAd, vr/l 2 ) (6) 


S(A" 0 , Ad) 


Crs(7rA' 0 ,7rA' 2 ) 


but this is not commutative. There is however a homotopy between the two composites, 
built up from the Alexander-Whitney homotopy as follows. 

Consider the (non-commutative) diagram 


7t(Ao) <g> 7r (n) -—-*- 7T (Kg) (gi 7r (n) ® 7r(n) 


(7) 


7t(Ao x A[n]) 


7r(idxd) 


• 7t(Kq X A 


6 2 


n] x A[n]) 


where 7r(n) = 7r(A[n]), d is the diagonal map, AW is the Alexander-Whitney map, and each 
b is the relevant map from the Eilenberg-Zilber data for that situation. Diagram ( 0 ) can be 
filled with the obvious homotopy which expresses the fact that the Alexander-Whitney map 
is an approximation to the diagonal. Now let /o G S(AT 0 , A' 1 ) n , f\ G S(K X , K 2 ) n , and build 
a larger diagram by pasting the following commutative cells to the righthand b 2 in (^) : 


7t(A'o) ® 7T(n) ® 7T (n) 



7t(Kq X A 


7r(A'o x A 


n]) ® 7r(n) 


n] x A[n]) 


T(/o)<S>id 


7t(A'i) 0 7T(n) 


t(/i)6 


7r(/ 0 xid) 


7t(A\ x A[n]) 


n(fl) 


vt(A' 2 


The two composites along the top edges and along the left and bottom edges of the larger 
diagram are the values on (/ 0 , /i) of the two composites of diagram ([|). The whole process 
is naturally cosimplicial in [n] and so gives us the necessary homotopy: 

S(Aq, Ad) x S{K U Ad) x A[l] —> Os(nK 0 , ttK 2 ). (8) 

Thus 7T induces a functor at the homotopy category level. However much more is true: 7r 
induces a homotopy coherent functor in a sense we explain next. 
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Recall (|| or 0) that the category, Cat, of small categories has a forgetful functor to 
the category of directed graphs. This functor has a left adjoint (the free category on the 
directed graph) and using this adjoint pair in the usual way one constructs a simplicial 
resolution of a small category A. This simplicial resolution is a simplicial category, i.e. is a 
simplicial object in Cat, but as is easily checked it has a constant simplicial set of objects 
and so is in fact an S-category, which will be denoted S(A). If A and A' are objects in A, 
then S(A)(A, A') is the simplicial set of all bracketings of strings of maps from A to A'. It 
is homotopically equivalent to A [A, A'), i.e. to the constant simplicial set with this value, 
using the augmentation 

S(A)(/1,/1') —A(AV), 

but the homotopy inverse fails to be natural although it is homotopy coherent. 

The basic models for this construction occur for A = [n], the category associated to the 
poset 0 < 1 < • • • < n. These S([n]), which will be denoted S[n] for simplicity, satisfy 
S[n](0,n) = (A[l]) n_1 ; in other words, the simplicial set of all bracketings of an ordered 
string of n symbols is a simplicial (n — l)-cube. If we let A n (A,A') denote the set of all 
n-tuples (fi,... , f n ) of composable maps in A which have A as the domain of /j and A' as 
the codomain of /„, then 


r M 

S(A)(A, A') = / A n (A,A') • S[n](0,n) 

where, as usual, X ■ Y is the A-fold copower of Y, and in both factors of the coend, n varies 
as if it was a simplicial or cosimplicial variable, but no do or d n can be used as this would 
take one away from strings satisfying the domain and codomain condition. (A detailed 
simplicial and categorical discussion of S(A) is given in Cordier’s paper, [§].) If B is an 
S-category, a homotopy coherent diagram F of type A is then an S-functor, F : S(A) —> B, 
or alternatively a collection of maps 

F(a) : (A[l]) n_1 —> B(FA, FA'), 

indexed by a G A n (A,A') as A and A' vary over the objects of A, and satisfying certain 
compatibility conditions (cf. [§] or 0). 

A minor reformulation of the above gives that a homotopy coherent diagram consists of 
maps 

F aa > : A n (A,A') • S[n](0, n) -»• B {FA, FA') 

indexed by pairs of objects and with compatibility conditions for the simplicial operators 
in [n] and for the first and last faces, changing in A and A'. Our ‘observed data’ on the 
failure of 7r to be an S-functor suggests that, if S'' (A, A 1 ) is taken to be the union over all 
sequences A\,... , A n -i of the terms 


S(A, A{) x S(Ai, A 2 ) x • • • x S(A n _!, A'), 
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then as in (|8j) the dual Alexander-Whitney approximations will give maps 

7T a,A' '■ S n (A, A') x S[n](0,n) — > Crs(7rA nA 1 ), 

where S[n](0,n) = (A[n]) n_1 , satisfying conditions completely analogous to the above. As 
we now have two ‘simplicial’ structures on S n (A, A') and are mapping into a simplicial set 
Crs(7rA, 7tA'), we can reformulate the above using an idea introduced by Dwyer and Kan in 

El- 

Given an S-category A (which should really be small for the construction to be founda- 
tionally valid) form for each dimension n the resolving S-category S(A n ) of the n- dimensional 
part of A. Now define an S-category S(A) by taking the diagonal of the resulting bisimpli- 
cially enriched category, so one might write 

S(A)(A, A') n = (S(A n )(A, A')) n . 


If A is an ‘ordinary’ category considered as a trivially enriched S-category, then the two 
meanings of S(A) coincide. (To aid comparison we note that Dwyer and Kan would use FA 
for this S-category.) 

With this notation, we define a homotopy coherent (or h.c. for short) functor from A to 
to be an S-functor from S(A) to B. By the construction, and the discussion above, a h.c. 
functor F from A to J3 can be specified by simplicial maps 

A (A, AO x ... x A (A n _i, A') x (A[l]) n_1 B (FA, FA') 


satisfying some compatibility conditions as before. We could also take this as the definition 
of a h.c. functor as its use gets around the foundational objections resulting from taking 
large products of simplicial sets but it is completely equivalent to that construction modulo 
that size consideration. 

Initially we consider the case where A is the S-category of simplicial sets and B is that 
of crossed complexes. Later on we will take A = QrG op and then the size problem will not 
cause any difficulty. Here we make the following: 

Definition (cf. |19|] , p.95) 

A simplicially coherent functor F : S —> Crs is given by the following data: 

• a crossed complex F(K) for each simplicial set, K: 


• for each sequence K 0 , ... , K r of simplicial sets and string of maps fi G S(AWi, Kf) n 
of dimension n between them, an (r — 1, n)-homotopy 

F(K 0 ) 0 7r(n) 0 ^(l)®^” 1 ) Fn(fu - Jr \ F ( K j 

which commute with the simplicial face and degeneracy operators and the following 
cubical boundary relations also hold: 

Si(F n (f r, ... Jr)) = F n (fi, ... , (/ i+1 O /,),..., fr) 

St(Fn(fl, ■.. Jr)) = Fjfi+1, --.Jr) ° F n (f U ...,/,). 

Here o means enriched composition and composition of (t , ?z)-homotopies respectively. 
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The simplicially coherent functor F is said to provide a simplicially coherent enrichment 
of an ordinary functor G : S —> Crs if the following conditions hold: 

• F(K) = G(K ) for each simplicial set K\ 

• every (r — 1, 0)-homotopy Ao(/i, ■ ■ • , fr) factors through the corresponding morphism 
G(f r o o ■ ■ ■ o /i), i.e. 

f(k 0 ) 0 tt(0) 0 —. /r > a(a;) = g(a;) 


id®id®0 


G(/ r o/ r _ 1 o---o/i) 


F(K 0 ) 0 tt(0) 0 ---- F(K 0 ) = G(K 0 ) 


commutes. 


To see what this extra structure means, suppose that A is simplically coherent and / is 
an r-tuple (/i, • • • , f r ) of dimension n maps, f % E S(A';_i, Kf) n , as above. Then the enriched 
compositions in S and Crs give for each a = (an,... , ay_i) E {0, l} r ' 1 an element 

F a (f) = F n (f r O • • • O f ik + 1 ) O • • • O F n (f i2 O • • • O f il+1 ) O F n (f h O ■ • • O /i) 

of Crs(A(A' 0 ), F(K r )) n where A < A < • • • < 4 are those i with a* = 1. Also there is a 
(0, n)-homotopy F' a (f ) given by the (r — 1, n)-homotopy F n (fi,... , f r ) at the corner of the 
(r — l)-cube given by a. The boundary relations of F then give: 


Proposition 3.1 ]T9[ The dimension n map of Crs corresponding to F' a (f ) is precisely 
F a (f). Thus for r ^ 2 the (■r — l,n)-homotopies F n (fi,... , f r ) given by a simplicially 
coherent functor record the coherent homotopy information between the various enriched 
composites of the values of F on 1-tuples. ■ 


We can now state more precisely the result on n that we will be needing. First some 
notation: we write A[n] r for the r-fold cartesian product of A [n] with itself, d r : A[n] —> 
A[n] r for the corresponding diagonal and h r _i : 7r(A[n] r ) 0 —> 7r(A[n] r ) for the 

(r — l)-fold homotopy /iA[n],...,A[n] °f section 1. 

Theorem 3.2 There is a simplicially coherent enrichment n : S —> Crs of the fundamental 
crossed complex functor tt, with 7r n (fi, • • • , fr) given by the following composite: 


7t(Ao) 0 7r(n) 0 ^(l) 181 ^ 

id(g)7r(d r )<g)id 


TTn(fl,- Jr) 


tt(a;) 

"<i\) 


7r(A'o) 0 7r(A[n] r ) 0 7r(l) 0 ^ ld&Lr > vr(A' 0 ) 0 7r(A[?i] r )-- —7r(AT 0 x A[n] r ) 

where f r is the simplicial map given by 

A' 0 x A [n] r ATi x A [n] r ~ l -»■-> K r _ 2 x A[n] 2 K r _ x x A [n\ K r . 
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We refer the reader to |E| pp. 96-97] for the proof, 


For our application to G-spaces, we will use the small S-category OrG op and an S-functor 
R(X) : S(OrG op ) —> S for each G-space, X. In fact we will show that the above simplicially 
coherent enrichment of n allows the application of n to R(X) to get a homotopy coherent 
functor ttR(X) : Or G op —> Crs . that is, an S-functor from S(OrG op ) to Crs . 

Although the S-construction cannot be applied to large enriched categories such as S, 
it is useful to think of tt as an S-functor tt : S(S) —> Crs. We use the simplicially coherent 
enrichment idea only to get around the need for “class indexed products”. 

For notational simplicity it is easier to abstract the problem to the following situation. 
Suppose A is a small S-category and K : A —> S is an S-functor. Then we need to define 
S-functors 


S (K) : S(A) —> S(S) 
ttS(K) : S(A) Crs, 

of which the second is a homotopy coherent version of the composite of K and tt. The first 
‘functor’ is really used only as an heuristic since it involves the ‘category’ S(S) which is ‘large’ 
and hence illegal, but the second functor is perfectly valid. From our earlier discussion, we 
know that we need to specify compatible maps 

(nS(K)) AA , : A r (A,A') n • S[r](0, r) n - Crs(vrAU4, TrKA') n 


for each r, n giving 

tt$(K) aa , : A r (A,A') x A[l] (r - 1} ^ Cts(ttKA,ttKA'). 

Using the tensoring of Crs , we can restructure this as 

ttS(K) a ,a' : A r (A, A') -> Cts(t tKA ® 7 tKA'), 

and thus for each a = (cp, ... , a r ) G A r (A 0 , A r ) n (so a* e A{A i _i 1 Ai) n and A 0 = A, A r = A') 
we need an element 

7T K(a) n E Crs(7rKAn ® 7r(l) 0 ^ r_1 ), nKA r ) n , 

that is, an (r — 1, n)-homotopy 

ttK( a) n : 1 tKA 0 Cx) tt( n) ® 7r(l) 0( - r_1 ^ —> ttKA t . 

Such data are of course provided by the r-tuple K{a) = (K n ai,... ,K n a r ), for K n a n E 
S(/CAj_i, KAi) n , together with the simplicially coherent data for tt: 

7r/i (tf)n 7Tn(A n Cli, • • • , 7C n Cl r ) . 


Corollary 3.3 Given any small S-category A and S-functor K : A —> S there is an S-functor 

ttS(K) : S(A) —> Crs 

providing a homotopy coherent extension of ttK. ■ 
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4 Enriching the adjunction of 7r and N 

The key to our method in [[| was the homotopy equivalence, a*, between the simplicial sets 
Crs (V/t, C) and S (K, NC ) for a simplicial set K and crossed complex C. This extended the 
natural bijection of sets at the unenriched level (|l|) which gave the adjointness of n : S —> Crs 
and N : Crs —*■ S. However ‘enriched naturality’ for this homotopy equivalence a* is more 
complex. Within the development of homotopy coherence theory, a notion of coherent 
adjoints between S-functors can be found. This is still not quite adapted to our purposes 
as 7 r is not S-enrichable and hence that theory needs some adjustment to apply here. 

The homotopy equivalence for fixed K and C is given by the maps a*, b*, which in 
dimension n are given by 


Cxs(nK, C) n = Crs(nK g 7r (n), C) ~ ? Crs(7r (K x A[n]), C) = S (K, NC ), 


(9) 


Here the final isomorphism of (|;SJ) is that of the unenriched adjunction, and the maps a* 
and b* n are given by 


a* (nK (g) 7r(n) C) := (n(K x A[n]) —^nK (g) 7r(n) C ) 


and 


b* n ( tt(K x A[n]) —^ C) := (nK g) n(n) ——> n(K x A[n]) — C). 


The composite b* n a* is the identity because ab is the identity, while the homotopy H between 
a* n b* n and the identity on S (K, NC) is induced from that between ba and the identity on 
n(K x A[n]). Explicitly 

H : S (K, NC) x A[l] -► S (K, NC) 


takes a pair (/, x), f : K x A[n] —> NC, x \ [n] ^ [1], in dimension n of the cylinder to the 
composite H(f, x) given by 


n(K x A[n]) 


7r( ' ld><o! ' > - > n(K x A[n] x A[n]) 
—-—> n(K x A[n]) ® 7r(n) 


id07r(a;) 

-»7r 

h 

- > 7r 


(.K x A[/i]) ® 7r(l) 
(K x A[n}) 


f 


+ C 
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This uses the adjunction S (K x A [n\,NC) = Crs(7r (K x A[n]),C) of ([[]). 

Thus the whole of the information on the strong deformation retraction is obtained from 
the Eilenberg-Zilber data, using the unenriched adjunction (|Tj) and the Alexander-Whitney 
diagonal approximation. 

As before we recall from 0 the way in which the ‘coherent’ Eilenberg-Zilber data is 
transformed into a ‘coherent’ adjunction in the enriched setting (again see |l^, pp. 99-107] 
for details.) 

First some notation: for crossed complexes C, D and simplicial sets K, L, we will use the 
following notation for the maps induced by the unit and counit of the unenriched adjunction: 


V 

V* 

e* 

e* 


S(NnK, L ) 

S {K,L) 
Crs(C, D) 
Crs(C, nND) 


S (K,L) 

S (K, NtiL) 
Crs(v tNC, D) 
Crs (C,D). 


For example if / : NnK x A[n] —>• L then is the composite / • (t)k x id) where 

rjx ■ K —> NnK is the usual natural transformation (unit of the unenriched adjunction). 
This enables us to give a fresh description of the maps a* and b* above. 

Proposition 4.1 The adjunction maps a* and b* are precisely the simplicial maps given by 
the composites: 

Crs(7r K, C ) S(NnK, NC ) S (K, NC ) 


and 


S(K, NC) Cts(t tK, t tNC) Crs(7r/l, C), 


respectively. ■ 

The proof is fairly routine. 

The above has a converse reconstructing N and 7r on morphisms from a* and b*: 

Proposition 4.2 The enriched map assignments for N and i r are precisely given by the 
composite simplicial maps: 

Crs (C, D ) C^(t tNC, D ) S(NC, ND ) 


and 


S (K, L) AA S{K, NttL ) Cts(t tK, ttL), 


respectively. 
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Thus the behaviour of a* and b* is very ‘classical’, but as we know that n is not an 
S-functor, we can expect that the variance of the adjunction in K will be ‘coherent’ rather 
than ‘natural’. First however we dispose of the variance of a* in C. 


Proposition 4.3 Let K be a simplicial set. Then a* defines a natural S-enriched transfor¬ 
mation from Crs(7r/i, —) to S (K, N(—)). 


The components of the proof have all been prepared above, so this is an immediate 
consequence of the enriched functoriality of N. We give the details as it suggests how to 
handle the variance in K. 

Proof 

As N is S-enriched, we have a commutative diagram 


Crs(C, D) x Crs(7r/l , C) 


comp 


-Crs(7 tK,D) 


NxN 


S(NC, ND ) x S(NnK, NC) 

id xrj* 

S{NC, ND) x S (K, NC) - 


comp 


comp 


N 


■S(NttK, ND) 


S (K, ND). 


The vertical composites are N x a* and a* and so a* is an S-enriched transformation. ■ 
If one tries to rearrange the above to examine the naturality of 

b* K>c :S(K,NC)^Gs(nK,C), 

following the above ‘classical’ model then we would consider the diagram 


S(L, NC) x S(K, L) - 

7TX7T 

Crs(7rL, nNC) x Crs(7r/l, i tL) 

e* xid 

Crs(7rL, C) x Crs(nK , nL) - 


— S (K, NC) 

7r 

Crs(7 tK, nNC) 
Crs(7r/l, C). 


However the square involving 7r x n does not commute as n is not S-enrichable. This is, of 
course, just a particular form of the problem already handled by the notion of simplicially 
coherent functor. Enriched naturality encodes the reaction of a transformation to the ‘ac¬ 
tion’ of the (enriched) category, that action being precomposition in this case. The ‘natural’ 
thing to do is to take into account all the coherence of that ‘reaction’ and to some extent 
the notion of coherent transformation encodes this ([|Tl]] and [|HJ p. 102). 
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Proposition 4.4 The maps b* KC can be given the structure of a coherent transformation 
in K. That is, given a crossed complex C and simplicial sets K 0 , Ki,... , K r _i, K r = NC 
and maps f.\ G S(/lj_i, Kf)n f or 1 ^ i ^ r, there is an (■r — 1, n)-homotopy 

it(K 0 ) 8 7T (n) 8 7r(l) 0(r_1) ^ 

which, for r — 1, agrees with the definition of b* above and which satisfies the cubical 
boundary relations: 


5-(K(f 1 ,...J r )) = bf l (f 1 ,...,(f m of i ),...,f r ) 
ST(KU 1 , •••,«) = K(fi+ 1 , ■■■ Jr) o 

The proof is simply to define 6*(/i,... , / r ) to be the composite 

7r(A'o) 7r(n) 8 7r(l) s( - r_1 ^ 7r,i ^ lv " — yriVC -AA C. 


This completes half of the study of naturality. We still have to ask how a* reacts to 
changes in K and b* to changes in C. For this we use the interchange rules between a and 
b given in section 1. 


Lemma 4.5 If f G S (K, L) n , and g G Crs(7rL, D) n then the elements go7i s f and b*(a*gof ) 
are equal in OcsfinK, D). 

Proof 

Consider the diagram 


7T K 8 7T (n) ]l1 ttK 8 7t(A 


n] x A[n]) 


tt(K x A[n]) —— ^tt(K x A[n] x A[n]) 


7i-(/xid) 


ldS>a > ttK 8 7r (n) 8 7r(n) 

&<g)id 

-A->-7r(iF x A[n]) (8) 7r(n) 

17r/(g)id 


7t(L x A[n]) 

n(a*g) 

n(ND) — 


a 


e 


7t(L) 8) 7r(n) 
9 

- 


The two paths around the outside correspond to the two elements of the lemma. The 
top right hand square is the interchange square, whilst the bottom square gives the two 
ways of representing a*g in the unenriched adjunction. The other two squares commute by 
the naturality of a and b. ■ 
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Taking g = e* f for f G Crs(C, D) n one obtains 

b*(a*e*f o f) = e'f'onsf = foe*n s f 
and by Propositions 4.1 and 4.2 one immediately has 
Proposition 4.6 Let K be a simplicial set. Then 

b* : S (AT, N(—)) -»■ Crs(7 rAT, -) 


is natural in the S-enriched sense. 


Finally in this summary we briefly study the coherence of a*. Again details are in 
Suppose that C is fixed and we consider 


191 


a* K C : Cts(t tK, C ) -»• S(AT, NC ) 

for varying K. The right hand term here can be S-enriched, but because of the use of tt, 
the left hand term merely has a simplicially coherent structure in K. 

p~0|. p. 104], a proof is given that a* varies coherently in K . We give a sketch of this as 


In 


some of the details are important for us later. First we interpret this coherence in a more 
detailed form: 

Given simplicial sets K t and maps /* G Kj) n (1 ^ i ^ r), g G Ci^(7rJi r , C) n so that 


fi : Ki _i x A[n] ->• K u g : n(K r ) <8> tt (n) ->• C, 


we can define an r-fold homotopy 

<(/; 9 ) = <(/i, ■ ■ ■ , fr\ g) '■ n(K 0 x A [n] ) ® vr(l) 0r -»• C 
which is given by the composite 

n{K 0 x A[n]) <8) vr(l) 0r -> vr (K 0 x A[n] r+1 ) 8) 7r(l) 0r 

- - - * vr(A' 0 x A[n] r+1 ) 

( y* I 2) 

—--> vr(A'o x A[n] r ) 8 7r(n) 

— =1 -> Tr{K r ) 8 7r(n) 

--—> C . 


Here the first map is induced by the diagonal and the second is a coherence homotopy for the 
Eilcnberg-Zilber theorem for crossed complexes as in section 1. Explicitly, h! is the r-fold 
homotopy ^ 0 ,A[n],...,A[n],A[n]xA[n]' Similarly f r : Ii 0 x A[n] r —> K r is as in the discussion 
of the coherence of tt in section 3. Note that when r = 0, this reduces to the usual a*(g). 
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The boundary relations between these r-fold homotopies are easily seen to correspond to 
those given earlier for b* with the obvious modifications (see |l9|, p.105, proposition 4.3.8) 
and these show that a* is coherent in K. 

Thus we have shown that the transformations 


Crs(7rFf, C) S (K, NC ) 


are S-natural in C but only coherently S-natural in K. To apply this effectively to the 
problem in hand, we need to translate it into the formal language of S-categories and h.c. 
transformations. We need to show the following: 

Theorem 4.7 Given an S-category A, let K : A —> S and C : S(A) —> Crs be S-functors. 
Then the transformations a*,b*, h* above define homotopy coherent natural transformations 
between the S-functors S(S(iC), NC), Crs(7rS (K),C) : S(A) op x S(A) —> S, 

a* G C oh(Grs(nS(K), C),S(S(K), NC))o 
b* G Coh(S{S(K),NC),Crs(nS(K),C)) 0 
h* G C'oh(S(S(W),ATC),S(S(W),Arc)) 1 , 

where h* is a homotopy joining a*b* to the identity as usual. In particular, there is a 
homotopy equivalence 


CohS(S(K), NC) ~ CohCrs(nS(K),C). 

We will prove this theorem in the next section after completing the argument we will need 
for our application, to which we will return in the final section of the paper. 


Theorem 4.8 For S-functors C : A —> Crs . K : A —*• S. and d 0 : S(A) —> A the augmenta¬ 
tion of the resolution, there is a homotopy equivalence 

Coh(A. S) (K, NC) ~ Coh(S(A),S)(S(K),NCdo). 

Proof 

Let L ( i 0 S{K) : A —»• S be defined by 

fBe S(A) 

L do S(K)(A) = <b A(doB,A) x S (K)(B). 


This is the homotopy coherent left Kan extension of S (K) along the augmentation do 
S(A) —> A and by [|1TJ , dual to Proposition 6.1, there is a homotopy equivalence, 


Co/i(S(A),S)(S(AT), NCdo) Coh(A, S)(L do S(K), NC). 
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It therefore remains to compare L do S(K) and K itself. There is a natural map 


L d0 S(K) - K 

induced by the augmentation of the resolution, d 0 : S(A) —»• A, and composition within A. 
This map is easily seen to be a levelwise homotopy equivalence (by essentially the same 
argument as that in |J which shows that the rectification map is a homotopy equivalence). 
It induces a homotopy equivalence on the coherent mapping spaces: 


Coh{K, NC ) Coh{L d0 S(K), NC ) 


by & Corollary 2.2. The result follows. 
These two theorems together give us: 


Corollary 4.9 Given an S-category A and S-functors K : A —> S, C : A —> Crs, there is a 
homotopy equivalence 

Coh(A,S)(K,NC) Coh{S{A),Crs)(nS(K),Cd 0 ). 


Proof 

The only point to note is that the two ‘horn-set’ functors used take Kan values, so there is 
no problem in inverting homotopy equivalences. ■ 

Finally a second use of homotopy coherent left Kan extensions allows us to replace 
7rS(K) : S(A) —> Crs by L do nS(K ) : A —> Crs and so to index over A rather than S(A) in the 
variable K also. Incidentally, note that L do TrS(K ) and 7cL do S(K) are isomorphic, since 7r is 
a left adjoint, but that the variation of this with K is more complex. 

Corollary 4.10 Given an S-category A and S-functors K : A — > S. C : A —* Crs, there is a 
homotopy equivalence 


CohS(K,NC ) ~ CohCrs(L d0 TrS(K),C). 


5 Simplicial homotopy coherence 


To prove Theorem |4.7| we need to translate the coherence of the transformations a*, b*, etc. 


as presented above into homotopy coherence in the simplicially based language of ||Tl|. In 
particular we need to show how the data already specified for b* and a* in the previous 
section can be translated to a corresponding set of data to prove, for example, that 


a* G Coh(S(A) op , S)(Crs(7rS(/C), C), S(S(/C), NC)) 0 , 
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and to handle the S-enriched composition. The only complications are minor technical ones 
due to the functors being contravariant in K (we know that everything is S-natural in C 
and so will assume here that C is a constant). 

We first recall the notion of homotopy coherent transformation. 

Let A. E3 be simplicially enriched categories, and F, G two simplicially enriched functors 
from A to B. The simplicial set of homotopy coherent transformations from F to G, denoted 
Coh(A. _B) (F, G) is defined to be 


Coh(A, B)(F, G) = <p B(FH, GA), 


where § denotes the coherent end construction introduced in [llj . Thus Coh(A, B)(F, G) is 
given as the total object of a cosimplicial simplicial set, 

Y(F,G) P = S(A(H 0 ,Hi) x • • ■ x A(H p _i,H p ), B(FH 0 ,GH P )), 

j4q,... ,A P 


where the cosimplicial variation comes from the nerve-like indexation in the first place of 
the simplicial mapping space. The total space construction of Bousfield and Kan [|2| gives 


Coh(A.B)tF.G) = f S(A \p\,Y(F,GY). 

Jlr] 

Thus with this description a h.c. transformation </> of dimension n can be specihed by a 

family 


{ (t>A 0 ,...,A p ■ A(H 0 , A x ) x • ■ ■ x A(i4 p _!, A p ) x A [p\ x A [n] x FA 0 —> GA p } Ao ,...,a p &a 

satisfying simplicial compatibility conditions on p. In our context we have to replace A by 
S(A) op , B by S, and F and G by one of the functors S(S (K), NC ), or Crs(7rS(Jt), C), or, for 
h*, both by the first of these. We start by examining a* in detail. Here in the simplicial 
version we need 


a* : S(A) op (H 0 , Hi) x • • • x S(A) op (H p _!, Ap) xA[p]x A [n\ x Qs(vrA'H 0 , C) S (KA P , NC). 

We know that each element of any S(A)(H, : , Aj) consists of a string of composablc non¬ 
identity maps of A together with a bracketing of that string. The ‘depth’ of the bracketing 
together with the dimension of the maps determines the (bi)dimension of the element. 
Suppose f \ = • • • , fi,n) is such a string from A t to so that the bracketed strings 

based on f, give the elements of S(A) op (H i _ 1 , Hj) = the (r* — l)-fold product of A[l]. 

The collection / of all the fij, for i = 1 ,... ,p, j = 1,... ,r*, yields a string of length 
r = ^2 Ti from A p to Ho, and bracketings of the individual f, yield a bracketing of /. At 
hrst sight, this yields a morphism 

S(A) op (H 0 , HO x • • • x S(A) op (H p _!, A p ) ^ S(A) op (H 0 , A p ) 
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given, of course, by composition; however, this morphism does not preserve the information 
on how the composite was formed and so is not quite adequate for our purposes. The total 
dimension of the cubes involved in the domain is only r* — p, whilst the codomain has 
dimension r — 1. 

In addition, the formula for a* given in the previous section uses ( f;g ), an ‘augmented’ 
string with g G Crs (7rAh4n, C) n , and gives an r-fold homotopy of dimension n maps between 
KA p and NC. Thus we replace the use of the composite above by the map 

S(A) op (A 0 , Ai) x • ■ ■ x S(A) op (A p _i, Ap) x Os(7rAh4 0 , C) xA^ S{KA P , NC) 

given by a restriction of a*. The string (/; g) here is first given the bracketing corresponding 
to the inclusion A[p] C J p , the left biassed p + 1 fold bracketings of (0 1, 1 2, ... , pp+ 1). 
(Caution: the use of S(A) op rather than S(A) does complicate the checking at this point.) 
This bracketing is used together with the individual choices of bracketings of each f, to 
determine the eventual bracketing of ( f\g ). 

Thus specifying the coherent transformation a* as before yields exactly the information 
necessary to specify a* as an element of Coh{ S(A) op , S)(Crs(7rS(AT), C), 5(S(K), NC)) n; the 
translation for b* is similar. It also allows one to calculate the various composites 


S(A) op (A 0 , AO x • • • x S(A) op (A p+g _ 1 , A p+q ) x Crs(nKA 0 , C ) x A[p] x A [q\ - S (KA p+q , NC) 


needed to build the composite transformations b*a* and a*b* using the methods given in 
n| . The naturality of a and b and the formulae developed earlier in sections 2 and 3 then 
show that b*a* is actually the identity, although this is obscured by the need to identify the 
identity transformation in this context as the formulae used pass to and fro between tensors 
and products. 

Finally a similar calculation of a*b* yields formulae that a simple use of the homotopy 
H reduces to the other identity. This homotopy H gives an element 


h* G Coh(S(A) op ,S)(S(S(A), NC),S(S{K), NC)) 1 


in the same way, whose two ends are a composite representing a*b* and the identity. The 
proof of Theorem fh7| now follows by linking this data with the naturality of the transfor¬ 
mation when C is varied. 


6 Back to the Or G 

We can now apply this corollary to the case of OrG op -diagrams. Suppose X is a G-space as 
before and R(X) is the corresponding OrG op -diagram of singular complexes of fixed point 
sets. Then we can form 7tS(A(A")) : S(OrG op ) —> Crs, which is an S-functor, and hence we 
can take 

7 tR(X) := L do n$(R(X)) : OrG op -> Crs 
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obtained as the rectification of ttR(X) along the augmentation functor: 

d 0 : S(OrG op ) ->• OrG op , 

i.e. the left coherent Kan extension of 7rS (R(X)) along d 0 . We will refer to either of 
7rS(R(X)) or tiR(X) as the equivariant singular crossed complex of X. There are, of course, 
explicit descriptions of the connection between the two, as above, and in particular for any 
G/H , there is an explicit homotopy equivalence between itR(X)(G/H) and ttR(X)(G/H), 
however that homotopy equivalence is not natural in G/H as was explained earlier. 
Combining these constructions with the above corollary, we obtain 

Proposition 6.1 For any G-space X and OrG op -diagram C of crossed complexes there is 
a homotopy equivalence 


CohS(R(X),NC ) ~ CohCrs{TrR{X),C). 


Here we have abbreviated C oh{ OrG np . S) to CohS and similarly for Coh Crs . 

Combining this as before with the Elmcndorf theorem in its enriched form gives the 
general form of our main theorem from Define, in general, B G C to be the G-space 
cNC, then we have: 

Theorem 6.2 Let G be a topological group. If X is a G-complex and C is a OrG op -diagram 
of crossed complexes, there is a homotopy equivalence 

G-Top jX, B g C ) CohCrs( irR{X) , C ). 

Consequently there is a bijection of homotopy classes of maps 

[X, B G C]g = [ttR{X)_, G] C rs • 

■ 
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